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The quadratic low-temperature dependence of resistance in ordinary metals is determined by
the momentum relaxation due to electron-electron scattering including the Umklapp processes. In
metals without inversion center spin-orbit interaction of electrons with crystal lattice lifts spin
degeneracy of electron states and splits each band on two bands. It is shown that in clean enough
case when the energy of band splitting exceeds the electron-electron scattering rate but at the same
time it is smaller than the Fermi energy the square low-temperature dependence of resistivity is still
valid.
I. INTRODUCTION
The low temperature dependence of normal metals re-
sistivity
ρ = ρ0 +AT
2 (1)
is determined by electron-electron scattering including
Umklapp processes with scattering rate [1]
1
τee
≈
V 2
ε2F
T 2
εF
, (2)
where V is the amplitude of screened short range poten-
tial of electron-electron interaction and εF is the Fermi
energy. Usually 1/τee is quite small and the dependence
given by Eq.(1) is observable in metals with narrow con-
ducting bands or in heavy fermion compounds with small
energy Fermi.
The square temperature dependence arises because ac-
cording to the Pauli principle the electrons can scatter
each other only in a narrow energy layer of the order of
temperature near the Fermi surface. This property takes
place also in metals with several conducting bands hav-
ing different Fermi momenta. In this case during and af-
ter the scattering processes quasiparticles from different
bands remain at a distance of the order of temperature
from their Fermi surfaces. It is also worth noting that
in a multiband case the square temperature dependence
of electron-electron scattering rate remains even in the
absence of Umklapp processes (see for instance [2]).
Particular situation is realised in liquid He3 polarised
by magnetic field. The relaxation of spin diffusion in di-
rection perpendicular to polarisation involves quasipar-
ticles scattering in all the states between two Fermi sur-
faces split by magnetic field [3, 4] and the scattering rate
is
1
τ⊥
∝
(2piT )2 + (gH)2
εF
, (3)
where g is the He3 nuclei gyromagnetic ratio.
One can expect the similar result in metals without
inversion center, where the spin-orbit interaction splits
the Fermi surface in each conducting band to two Fermi
surfaces with different Fermi momenta, and the corre-
sponding scattering rate due to electron-electron colli-
sions must be
1
τee
∝
(2piT )2 + (vF∆kF )
2
εF
, (4)
where ∆kF = kF+ − kF−. This type result has been
obtained first in Ref.5 using the electron-electron colli-
sion integral inappropriate in metals with space parity
violation. The similar calculations making use the col-
lision integral taking into account the parity violation
derived in the paper [6] confirmed this expression. In
the both calculations there were used the dispersion laws
ξ±(k) = vF (k − kF±) of electrons in two energy bands
split by the spin-orbit interaction. Each of these expres-
sions is valid near the corresponding Fermi surface with
radii kF+ and kF− . But ξ+(k) is wrong near the Fermi
surface with the Fermi momentum kF− as well as ξ−(k) is
wrong near the Fermi surface with the Fermi momentum
kF+.
The presented in the next Section calculations with
making use the correct dispersion laws bring us back to
the formula (2) for the electron-electron scattering rate
valid in a multi-band metal. The derivation is done in
the assumption that the energy of band splitting exceeds
the electron-electron scattering rate
vF∆kF ≫
1
τee
. (5)
An analytic derivation of dependence given by Eq. (2)
in case of arbitrary shape of the Fermi surface is not
possible even for a metal with a single conducting band
in absence of space parity violation. The length of the
Fermi momentum is varied from point to point at the
Fermi surface. All known calculations were made under
the implicit assumption that the variation of the Fermi
momentum length is much smaller than its average value.
In addition to this in our calculation we also assume the
smallness of the band splitting energy in comparison with
the energy Fermi.
εF ≫ vF∆kF . (6)
2II. TWO-BAND KINETICS IN
NON-CENTROSYMMETRIC METALS
The spectrum of noninteracting electrons in a metal
without inversion center is:
εˆ(k) = ε(k)σ0 + γ(k) · σ, (7)
where ε(k) denotes the spin-independent part of the spec-
trum , σ0 is the unit 2 × 2 matrix in the spin space,
σ = (σx, σy , σz) are the Pauli matrices. The second
term in Eq. (7) describes the spin-orbit coupling whose
form depends on the specific noncentrosymmetric crystal
structure. The pseudovector γ(k) is periodic in the re-
ciprocal space function and satisfies γ(−k) = −γ(k) and
gγ(g−1k) = γ(k), where g is any symmetry operation in
the point group G of the crystal. Near the Γ point , in
the case of cubic symmetry
γ(k) = γk. (8)
Here γ is a constant. In case of the tetragonal point
group G = C4v the antisymmetric spin-orbit coupling is
γ(k) = γ(kyxˆ− kxyˆ) + γ‖kxkykz(k
2
x − k
2
y)zˆ. (9)
In the purely two-dimensional case, setting γ‖ = 0 one
recovers the Rashba interaction [7].
The eigenvalues and eigenfunctions of the matrix (7)
are
ε±(k) = ε(k)± |γ(k)|, (10)
Ψ+σ (k) = Ck
(
γkz + γk
γkx + iγky
)
,
Ψ−σ (k) = Ck
(
−γkx + iγky
γkz + γk
)
, (11)
Ck = (2γk(γkz + γk))
−1/2,
γk = |γ(k)|.
The eigen functions obey the orthogonality conditions
Ψα⋆σ (k)Ψ
β
σ(k) = δαβ, Ψ
α
σ1(k)Ψ
α⋆
σ2 (k) = δσ1σ2 . (12)
Here, and in all the subsequent formulas there is implied
the summation over the repeating spin σ =↑, ↓ or band
α = +,− indices.
There are two Fermi surfaces determined by the equa-
tions
ε±(k) = µ (13)
with different Fermi momenta kF±. In the Rashba 2D
model and in the 3D isotropic case they are
kF± = ∓mγ +
√
2mµ+ (mγ)2 (14)
and the Fermi velocity has the common value
vF± =
∂(ε±(k)
∂k
|k=kF± = kˆ
√
2µ
m
+ γ2, (15)
here kˆ is the unit vector along momentum k. The equiva-
lence of the Fermi velocities at different Fermi momenta
is the particular property of the models with isotropic
spin-orbital coupling (8) in 3D case and the Rashba in-
teraction in 2D case.
The matrix of equilibrium electron distribution func-
tion is
nˆ =
n(ε+) + n(ε−)
2
δˆ +
n(ε+)− n(ε−)
2|γ|
γ · σ, (16)
where
n(ε) =
1
exp
(
ε−µ
T
)
+ 1
(17)
is the Fermi function.
The hermitian matrices of the nonequilibrium distri-
bution functions in band and spin representations are
related as
fαβ(k) = Ψ
α⋆
σ1 (k)nσ1σ2Ψ
β
σ2(k). (18)
In the band representation the equilibrium distribution
function is the diagonal matrix
nαβ = Ψ
α⋆
σ1 (k)nσ1σ2Ψ
β
σ2(k) =
(
n(ε+) 0
0 n(ε−)
)
αβ
.
(19)
The general form of kinetic equation for matrix distri-
bution function in non-centrosymmetric metals is derived
in the paper [6]. The corresponding stationary condition
for the matrix distribution function of electrons in exter-
nal electric field E taking into account only its mutual
interaction is
e
(
(v+E)
∂n(ε+)
∂ε+
(v±E)(n(ε−)− n(ε+)
(v∓E)(n(ε+)− n(ε−)) (v−E)
∂n(ε−)
∂ε−
)
+
(
0 i(ε− − ε+)f±(k)
i(ε+ − ε−)f∓(k) 0
)
= Iˆ (20)
Here
vα(k) =
∂εα
∂k
, v±(k) = Ψ
+⋆
σ (k)
∂Ψ−σ (k)
∂k
, v∓ = −v
⋆
±. (21)
3The Fermi particle-particle collisions integral in the Born approximation [6] is:
Iˆ(k) = 2pi
∫
d3k′′
(2pi)3
d3k2
(2pi)3
Fˆ (k,k2,k
′,k′′), (22)
where k′ = k+k2−k
′′−Q and Q is a vector of reciprocal lattice. Throughout the paper we put the Planck constant
~ = 1. The matrix Fˆ is
Fαβ(k,k2,k
′,k′′) =
=
1
2
W1 {[Oαν(k,k
′)fνµ(k
′)Oµλ(k
′,k)(δλβ − fλβ(k)) (δξη − fξη(k2))Oηζ (k2,k
′′)fζρ(k
′′)Oρξ(k
′′,k2)
− Oαν(k,k
′)(δνµ − fνµ(k
′))Oµλ(k
′,k)fλβ(k) fξη(k2)Oηζ(k2,k
′′)(δζρ − fζρ(k
′′))Oρξ(k
′′,k2)] δ(ε
′
ν − εβ − ε2ξ + ε
′′
ζ )
+ [(δαν − fαν(k))Oνµ(k,k
′)fµλ(k
′)Oλβ(k
′,k) (δξη − fξη(k2))Oηζ (k2,k
′′)fζρ(k
′′)Oρξ(k
′′,k2)
− fαν(k))Oνµ(k,k
′)(δµλ − fµλ(k
′))Oλβ(k
′,k)fξη(k2)Oηζ(k2,k
′′)(δζρ − fζρ(k
′′))Oρξ(k
′′,k2)] δ(εα − ε
′
µ + ε2ξ − ε
′′
ζ )
}
+
1
2
W2 {[Oαν(k,k
′)fνµ(k
′)Oµλ(k
′,k2)(δλξ − fλξ(k2))Oξζ(k2,k
′′)fζρ(k
′′))Oρω(k
′′,k)(δωβ − fωβ(k)
− Oαν(k,k
′)(δνµ − fνµ(k
′))Oµλ(k
′,k2)fλξ(k2)Oξζ(k2,k
′′)(δζρ − fζρ(k
′′))Oρω(k
′′,k)fωβ(k] δ(ε
′
ν − εβ − ε2ξ + ε
′′
ζ )
+ [(δαν − fαν(k)Oνµ(k,k
′)fµλ(k
′)Oλξ(k
′,k2)(δξζ − fξζ(k2))Oζρ(k2,k
′′)fρω(k
′′))Oωβ(k
′′,k)
− fαν(k)Oνµ(k,k
′)(δµλ − fµλ(k
′))Oλρ(k
′,k2)fρξ(k2)Oξζ(k2,k
′′)(δζω − fζω(k
′′))Oωβ(k
′′,k)] δ(εα − ε
′
µ + ε2ξ − ε
′′
ζ )
}
.
(23)
Here, we introduced notations εα = εα(k), ε
′
µ = εµ(k
′)
etc,
Oαβ(k,k
′) = Ψα⋆σ (k)Ψ
β
σ(k
′) (24)
such that Oαβ(k,k
′) = O⋆βα(k
′,k), and W1, W2 are the
momenta dependent amplitudes of direct and exchange
interaction correspondingly. In concrete metal they are
unknown and due to charge screening one can put them
by the constants.
When the energy of band splitting exceeds the
electron- electron scattering rate vF (kF−−kF+)≫ 1/τee,
one can neglect by all the terms in Eqs.(20) and (23)
containing off-diagonal elements of distribution function.
Then the system Eq.(20) for
fαβ(k) =
(
f+(k) 0
0 f−(k)
)
αβ
(25)
acquires the following form:
(v+E)
∂n(ε+)
∂ε+
= 2pi
∫
d3k′′
(2pi)3
d3k2
(2pi)3
×{W1 [O+ν(k,k
′))Oν+(k
′,k))Oξζ(k2,k
′′)Oζξ(k
′′,k2)] +W2 [O+ν(k,k
′))Oνξ(k
′,k2))Oξζ(k2,k
′′)Oζ+(k
′′,k)]}
× {fν(k
′)(1 − f+(k))(1 − fξ(k2))fζ(k
′′)− (1− fν(k
′))f+(k)fξ(k2)(1 − fζ(k
′′))} δ(ε′ν − ε+ − ε2ξ + ε
′′
ζ ), (26)
(v−E)
∂n(ε−)
∂ε−
= 2pi
∫
d3k′′
(2pi)3
d3k2
(2pi)3
× {+ −→ −}. (27)
Following usual linearisation procedure one can keep in the collision integral the terms linear in deviation
4from equilibrium distribution δfα(k) = fα(k) − n(εα),
δfα(k2) = fα(k2) − n(ε2α), etc. Solution of this type
equations in respect δfα(k) taking in account the Umk-
lapp processes is difficult problem. Even for a single band
metal with centrum of inversion an analytic solution can
be found only by application of variational procedure [8].
However, to establish the temperature dependence of re-
laxation time we don’t need generalise the cumbersome
variational approach. For this purpose it is enough to
keep only the terms with δfα(k) = fα(k) − n(εα) ne-
glecting other terms proportional to δfα(k2), etc. Thus,
we obtain:
(v+E)
∂n(ε+)
∂ε+
= −2piδf+(k)
∫
d3k′′
(2pi)3
d3k2
(2pi)3
×{W1 [O+ν(k,k
′))Oν+(k
′,k))Oξζ(k2,k
′′)Oζξ(k
′′,k2)] +W2 [O+ν(k,k
′))Oνξ(k
′,k2))Oξζ(k2,k
′′)Oζ+(k
′′,k)]} ×
×
{
n(ε′ν)(1 − n(ε2ξ))n(ε
′′
ζ ) + (1− n(ε
′
ν))n(ε2ξ)(1− n(ε
′′
ζ ))
}
δ(ε′ν − ε+ − ε2ξ + ε
′′
ζ ), (28)
(v−E)
∂n(ε−)
∂ε−
= −2piδf−(k)
∫
d3k′′
(2pi)3
d3k2
(2pi)3
× {+ −→ −}. (29)
Now, the sub-integral expression consists from the
functions periodic in the reciprocal space. To take into
account the energy conservation one needs to transform
the integration over momenta to the integration over en-
ergies. Even for single band metal with centrum inver-
sion one can perform this procedure analytically only in
the case of almost spherical shape of the Fermi surface.
So, we will do this for the isotropic spectrum ε±(k) =
k2
2m ± γk. In this case the functions Oαβ(k,k
′) depend
only from the angles between the vectors k,k2,k
′,k′′.
Following the procedure developed in the paper [9] and
then reproduced in [10] in a somewhat different manner,
we re-express the integration over k′′ and k2 as
d3k′′d3k2 ≈ m
3 sin θdθdφdφ2
2 cos(θ/2)
dε′′ζdε2ξdε
′
ν . (30)
Here θ is the angle between k and k2, φ is the azimuthal
angle of k2 around direction k, and φ2 is the angle be-
tween the planes (k,k2) and (k
′,k′′). Due to the Fermi
surfaces separation this formula is valid within an accu-
racy of the terms of the order of γkF /εF .
The integration over ε′ν is reduced to replacement ε
′
ν =
ε+ + ε2ξ − ε
′′
ζ . Then performing integration over ε
′′
ζ and
ε2ξ we obtain
(v+E)
∂n(ε+)
∂ε+
= −m3[(piT )2 + (ε+ − µ)
2]I+δf+(k)(31)
(v−E)
∂n(ε−)
∂ε−
= −m3[(piT )2 + (ε− − µ)
2]I−δf−(k), (32)
where
I+ =
∫
sin θdθdφdφ2
2(2pi)5 cos(θ/2)
×{W1 [O+ν(k,k
′))Oν+(k
′,k))Oξζ(k2,k
′′)Oζξ(k
′′,k2)]
+ W2 [O+ν(k,k
′))Oνξ(k
′,k2))Oξζ(k2,k
′′)Oζ+(k
′′,k)]} .(33)
and I− is obtained from I+ by substitution +→ −. Sub-
stituting δf+(k) and δf−(k) to the expression for current
j = e2
∫
d3k
(2pi)3
{v+δf+(k) + v−δf−(k)} (34)
and performing integration we come to
j =
e2v2F
3pi2m3T 2
{
N0+
I+
+
N0−
I−
}
E, (35)
where N0± =
mkF±
2π2 is the density of states in the ±
bands. The corresponding contribution to the tempera-
ture dependence of resistance is
δR = AT 2. (36)
III. CONCLUSION
The presented derivation shows that in the metals
without inversion center the electron-electron collisions
create the same contribution to the low temperature de-
pendence of resistance as in the ordinary metals without
space parity violation. The previous calculations devoted
to the same problem [5, 6] have lead to the wrong re-
sult due to using incorrect expressions for the dispersion
laws of electrons. The present derivation is valid when
the band energy splitting exceeds the rate of electron-
electron scatterings and at the same time it is smaller
than the energy Fermi. As in the case of ordinary met-
als without space parity violation the quadratic temper-
ature dependence determined by electron-electron colli-
sions can be lost due to the essential anisotropy of the
Fermi surface.
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